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Abstract

In this paper, we propose an incremental statistical analysis method with complexity reduction as a pre-process for on-chip power/
ground (P/G) networks. The new method exploits locality of P/G network analyses and aims at P/G networks with a large number of
strongly connected subcircuits (called strong connects) such as trees and chains. The method consists of three steps. First it compresses P/
G circuits by removing strong connects. As a result, current variations (CVs) of nodes in strong connects are transferred to some remain-
ing nodes. Then based on the locality of power grid voltage responses to its current inputs, it efficiently calculates the correlative resistor
(CR) matrix in a local way to directly compute the voltage variations by using small parts of the remaining circuit. Last it statistically
recovers voltage variations of the suppressed nodes inside strong connects. This new method for statistically compressing and expanding
strong connects in terms of current or voltage variations in a closed form is very efficient owning to its property of incremental analysis.
Experimental results demonstrate that the method can efficiently compute low-bounds of voltage variations for P/G networks and it has
two or three orders of magnitudes speedup over the traditional Monte-Carlo-based simulation method, with only 2.0% accuracy loss.
� 2007 National Natural Science Foundation of China and Chinese Academy of Sciences. Published by Elsevier Limited and Science in
China Press. All rights reserved.
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1. Introduction

As technology scaling into nanometer regime, chip fre-
quency and power consumption keeps growing while the
VDD supply voltage continues shrinking for power reduc-
tion [1]. As a result, voltage margin of a P/G network keeps
shrinking so that the P/G network becomes difficult to
ensure robust voltage supply to all modules in a chip. Thus
more design iterations are needed to design a working P/G
network, which in turn increases the P/G design complex-
ity. In order to keep the P/G grid design complexity on
check, intensive research work [2–13] have been conducted
to reduce the P/G analysis complexity, which is a critical
part of P/G grid design process.

Before chip technologies entered the nanometer regime,
process variations (PV) were not significant and had no vis-
ible impacts on the performance of P/G grids. However
process variations in today’s nanometer chips are so ram-
pant that they have become a first-tier concern and have
huge influences on voltage drops in P/G grids and must
be considered in P/G analyses. Recently, several statistical
P/G analysis methods [10–12] have been proposed, which
confirmed the significance of PV influences on P/G grids.
Ferzli and Najm proposed a matrix-conversion based
method [10] to analyze variances of IR drops, but it is
too time-consuming to manage large P/G networks. Kou-
roussis et al. proposed a linear-programming (LP) based
method [11] to analyze up-bounds of IR drops, which
can only analyze small P/G networks owing to the high
computing cost of LP technique. Li reported a random-
walk (RW) [4] based method [12] to analyze voltage vari-
ance for problematic nodes with large IR drops. Although
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the RW method is a localized method, it loses the locality
when transient analysis is performed. Also for high accu-
racy, random walks have to take place many times and
errors are accumulated as it computes the nominal IR
drops for all nodes in a P/G network.

In this paper, we propose an incremental and statistical
P/G analysis method with complexity reduction as a pre-
process for practical large-scale P/G networks. The method
includes three steps: (1) it first statistically compresses P/G
circuits through removing strong connects such as trees
and chains. Then, current variations (CVs) of leaf nodes
in a tree-topology circuit are modeled to the equivalent
CV of its root node. At the same time, CVs of internal
nodes in a chain-topology circuit are added to the equiva-
lent CVs of its two terminal nodes. (2) Based on the P/G
grid locality, the method uses parts of compacted circuit
to efficiently calculate the correlative resistor (CR) matrix
for directly computing the voltage variations. (3) The
method finally expands strong connects for voltage varia-
tions of internal nodes in strong connects. From voltage
variation of the root node of a tree-topology circuit, we
can compute the voltage variations of leaf nodes. For a
chain-topology circuit, we also use voltage variations of
two terminals to directly compute voltage variations of
internal nodes. A large number of experiments demonstrate
that, our method can deliver two or three orders of magni-
tudes speedup over the Monte-Carlo-based simulation
method with only 2.0% accuracy loss.

2. Background

High-end VLSI chips usually use 6–8 metal routing lay-
ers. A P/G network typically consists of a fine grid in 1–2
layers and a coarse grid in 7–8 layers while vias are used
to link double grids. In Fig. 1, C4-PADs [13] are marked
as squares and the coarse grid is supplied by C4-PAD
arrays. The area surrounded by four square neighboring
C4-PADs is defined as one block. And a P/G network is
divided into (N2 · N2) blocks by an (N2 + 1) · (N2 + 1)
C4-PAD array. As a result, any logic gate can get reliable
current supply from several nearby C4-PADs. But in order
to speed up the design process, other topologies, different

from the mesh-topology, are used to design low-level fine
grids. These topologies include trees [7] and chains [8]
shown in Fig. 2. Both tree- and chain-topology are strong
connects that can be efficiently compressed and expanded
in deterministic P/G analyses [2,7,8]. On the other hand,
the mesh-topology is a non-strong connect that cannot be
compressed.

Different from transient methods in deterministic P/G
analyses [2,4–7,9], DC analysis methods have been used
in statistical P/G analyses to reduce computing complexity
[10–12]. In this work, I is the drainage current vector, V is
the nodal voltage vector, and G is the conductance matrix.
The following modified nodal analysis (MNA) method is
used to compute V according to I in P/G DC analyses
[2–13].

G � V ¼ I ð1Þ
In P/G statistical analyses, current variance DI was

always considered [10–12] while conductance variance D
G was recently considered [12]. Because DG can be trans-
formed into the equivalent current variance, we only con-
sider DI in this work. Compared with inter-die variations,
intra-die variations are dominant in nanometer technology
[14]. Thus similar to Ref. [10], current variations (CVs) are
assigned as normal distribution N(l,r) variables in this
paper. We use the following equation to compute the volt-
age variance according to CVs.

G � DV ¼ DI ð2Þ
Our previous work has shown that mesh-topology of P/

G networks has visible locality, which means that voltage
drops are mainly affected by the currents nearby in a P/G
grid. In Ref. [3], we define a as the width ratio between
coarse lines linked to C4-PADs and fine lines not linked
to C4-PADs. As a increases, the locality of P/G analysis
increases too.

We assign a unique number to each non-PAD node in a
P/G network. The sequence is that the smaller numbers are
assigned to nodes in the high-level coarse grid and the big-
ger numbers are assigned to those in the low-level fine grid.
As for the P/G network shown in Fig. 1, an
(N2 + 1) · (N2 + 1) C4-PAD array divides the circuit into

Fig. 1. Mesh-topology of P/G network with the C4-PAD array. Fig. 2. Two strong connect circuits.
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N2 · N2 blocks. As we assign N1 + 1 lines between two
neighboring PADs (including two coarse lines linked to
two neighboring PADs), the number of non-PAD nodes
in the mesh-topology of P/G network is
N 0 = (N1 · N2 + 1)2 � (N2 + 1)2.

3. Statistical compression for strong connects in P/G
networks

Assume that G is a N · N coarse matrix for a P/G net-
work of N nodes in Eq. (1). As N increases, G becomes pro-
hibitive for P/G analyses. After internal nodes in strong
connects are errorlessly compressed, the remaining circuit
includes N 0 nodes and has an N 0 · N 0 conductance matrix
G 0. As there are many strong connects in a P/G network,
N 0 > N and G 0 of the remaining circuit becomes a much
smaller matrix of N 0 · N 0. We will describe the statistical
compression method to compact circuits with tree- or
chain-topology in an error-free way.

3.1. Statistical compression for circuits with the tree-

topology

As for the simplest circuit with the tree-topology shown
in Fig. 2(a), there are three nodes: root node C and two leaf
nodes A and B. Assume that rA, rB, rC are standard vari-
ations of independent current variances (CVs) of three
nodes, and based on the single current direction in the tree
circuit, we can compact the tree circuit into the root node
and compute r0C, the equivalent standard CV of root node,
by the equation:

r0C
� �2 ¼ ðrAÞ2 þ ðrBÞ2 þ ðrCÞ2 ð3Þ

As for circuits with the more complicated tree-topology, we
use the similar compaction operation until we reach the
root of the tree.

3.2. Statistical compression for circuits with the chain-

topology

For the mth chain in a P/G circuit shown in Fig. 2(b), we
assume that it includes n internal nodes and its two termi-
nal nodes are node p, q in the high-level coarse grid. At the
same time, all resistors between neighboring nodes are of r
value and the standard variation for the CV of node i is ri.
After the chain is compressed into its two terminal nodes,
their standard variations of equivalent currents from chain
compression are rp,m and rq,m, respectively.

ðrp;mÞ2 ¼
Pn

i¼1

nþ1�i
nþ1

ri

� �2

ðrq;mÞ2 ¼
Pn

i¼1

i
nþ1

ri

� �2

8
>><

>>:
ð4Þ

Because rp,m and rq,m come from the same chain com-
pression, they are absolutely correlated, which means the
correlated coefficient between rp,m and rq,m is 1. The equiv-

alent resistor between two terminals is r 0 = (n + 1)r. If node
q is the terminal between mth and m + 1th chains while no
current is directly linked to q, rq can be computed as the
following after chain compression.

ðrqÞ2 ¼ ðrq;mÞ2 þ ðrq;mþ1Þ2 ð5Þ

Thus after all chains are compressed, C(p,q) is the corre-
lated coefficient between rp and rq and can be computed as

Cðp; qÞ ¼ rp;m � rq;m

rp � rq
ð6Þ

4. Analysis for the remaining circuit

4.1. Local solving method for the CR matrix of the remaining

circuit

For the remaining circuit of N 0 nodes, it is also very
time-consuming to directly use the matrix-conversion
method to solve the correlated resistor (CR) matrix
R = (G 0)�1 because the computing complexity is larger than
O(N 0 · N 0). Thus in this work, we use the circuit solving
method to compute CR vector Rq for node q one at a time
to obtain R = [R1, R2, . . ., RN 0 ]

T. A stimulus vector Iq = (0,
0, . . ., 1, . . .0, 0)T, in which only one unit current (1A) is seen
at q, is used to solve Rq. Then the Incomplete Cholesky
Decomposition Conjugate Gradient (ICCG) algorithm is
used to solve the voltage solution Vq, which actually is Rq

as shown below:

Rq ¼ R� Iq ¼ ðG 0Þ�1 � Iq ¼ Vq ð7Þ

In Rq, the CR rp,q between p and q is large if node p is close
to q but it becomes small if p is far away from q. Thus if
two blocks bp and bq are far away, rp,q is always small as
p and q belong to bp and bq, respectively [4,13].

Based on the strong locality of P/G network analyses
[4], we propose a 9Block CR solving method that only
employs 9 blocks surrounding q for V 0q ¼ R0q solving. Dif-
ferent from Rq, R0q ignores all weak CRs, whose nodes
are far away and are not belonging to surrounding 9
blocks. As a result, compared with Rq, R0q is of the far less
solving complexity and needs far less memory by ignoring a
large number of weak CRs. On the other hand, it is easy to
see that R0q may cause accuracy loss owing to weak CR
ignorance. Fortunately, our experimental results show that
the accuracy loss caused by the 9Block method is limited to
about 2.0%. Another advantage of the 9Block method is its
local refreshing ability for the incremental design. If only
one block is redesigned, we only need to locally refresh
CR vectors for nodes belonging to its 9 surrounding blocks.

4.2. Analysis method based on CR matrix of the remaining

circuit

As a P/G network includes only strong connects with
the tree-topology, no current correlation is included in
the remaining circuit that comes from the tree circuit

Z. Luo, S.X.D. Tan / Progress in Natural Science 18 (2008) 189–196 191



compression as shown in Eq. (3). Based on R = (G 0)�1,
which is solved for the remaining circuit of N 0 nodes, we
can directly compute the expectation vlq and standard var-
iation vrq of the voltage variation for node q without con-
sidering correlations:

vlq ¼
XN 0

p¼1

ðrp;qlpÞ ð8Þ

ðvrÞ2 ¼
XN 0

p¼1

ðrp;qrpÞ2 ð9Þ

vBq ¼ vlq þ 3� vrq ð10Þ

where vBq is the 3-sigma bound of nodal voltage variation.
For the remaining circuit coming from the chain-topol-

ogy circuit compression shown in Eqs. (4)–(6), current cor-
relations always exist between neighboring nodes that are
the two terminals of a chain circuit. Thus, we must consider
current correlations in solving vrq. Assuming the two ter-
minals of each chain have two consecutive node numbers,
we can compute vrq by

ðvrqÞ2 ¼
XN 0

j¼1

ðrj;qrjÞ � rj;qrj þ Cðj� 1; jÞrj�1;qrj�1

��

þCðj; jþ 1Þrjþ1;qrjþ1

��
ð11Þ

where rj is the current standard variation of node j in the
remaining circuit. If node j and node j � 1 (or j + 1) are
not two terminals of a chain, the correlated coefficient
C(j, j � 1) (or C(j,j + 1)) is zero. Otherwise, C(j,j � 1) (or
C(j, j + 1)) can be computed according to Eqs. (4)–(6).

5. Statistical expansion method for strong connects in P/G

networks

5.1. Statistical expansion method for tree connects

Shown in Fig. 2(a) is the simplest tree including root
node C and leaf nodes A, B. Assuming the current standard
variations of A, B are rA, rB while rA,C and rB,C are resis-
tors between A, B, C and based on vrC and rC = RC,C of
root node obtained after solving the remaining circuit, we
can easily compute the voltage standard variations for A,

B as the following:

ðvrAÞ2 ¼ ðvrCÞ2 þ ðrA;CrAÞ2 þ 2rCrA;CðrAÞ2

ðvrBÞ2 ¼ ðvrCÞ2 þ ðrB;CrBÞ2 þ 2rCrB;CðrBÞ2

(

ð12Þ

and the correlated resistors rA and rB of A,B can be com-
puted by

rA ¼ rC þ rA;C

rB ¼ rC þ rB;C

	
ð13Þ

As for circuits with the complicated tree-topology, from
the root node, we can compute voltage standard variations
and correlated resistors for leaf nodes step by step accord-
ing to Eqs. (12) and (13).

5.2. Statistical expansion method for chain connects

5.2.1. Influences on internal node from nodes outside the

chain

Statistical expansion (computation of the statistical val-
ues of compressed internal nodes) of chains is more difficult
than the counterpart of trees owing to double current direc-
tions and current correlations of chains. As shown in
Fig. 2(b), the mth chain includes n internal nodes and
two terminals are numbered as qth and q + 1th nodes in
the remaining circuit. All resistors linking two nodes in
the chain are assigned value r. In order to compute vri

for internal node i in the chain, we first compute the term
vri,out contributed by all nodes outside the chain as the
following:

ðvri;outÞ2 ¼
XN 0

j¼1

vri;j � vri;j þ Cðj� 1; jÞvri;j�1

��

þCðj; jþ 1Þvri;jþ1

��
ð14Þ

where C(j, j � 1) and C(j, j + 1) are correlated coefficients.
If node j and node j � 1 (or j + 1) are not the two terminals
of a chain, C(j, j � 1) (or C(j, j + 1)) is zero. Otherwise, C(j,
j � 1) (or C(j, j + 1)) can be computed according to Eqs.
(4)–(6). vri,j is the contribution term of the jth node in
the remaining circuit and can be easily computed by

vri;j ¼
nþ 1� i

nþ 1
rj;q�rj þ

i
nþ 1

rj;qþ1�rj ð15Þ

where �rj is the equivalent current standard variation of the
P/G circuit without all currents linked to the mth chain and
can be easily computed by the following equation:

�rj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrjÞ2 � ðrj;mÞ2

q
as j ¼ q; qþ 1

rj as j 6¼; qþ 1

(

ð16Þ

5.2.2. Influences on internal node from the chain itself

Assuming that ri is the current standard variation of the
ith internal node, we can compute vri,i, the contribution
term from itself, as the following:

vri;i ¼
ði� r þ rq;qÞ � ðnþ 1� iÞr þ rqþ1;qþ1

� �

ði� r þ rq;qÞ þ ðnþ 1� iÞr þ rqþ1;qþ1

� � ri ð17Þ

where rq,q and rq+1,q+1 are equivalent resistors at the two
chain terminals of chain m. vrk,i is the contribution term
from i to k. As k < i, we can compute vrk,i by

vrk;i ¼
k � r þ rq;q

i� r þ rq;q
vri;i ð18Þ

As k > i, vrk,i can be obtained by

vrk;i ¼
ðnþ 1� kÞr þ rq;q

ðnþ 1� iÞr þ rq;q
vri;i ð19Þ
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Thus, vri,in, the term contributed from the chain itself, can
be computed by

ðvri;inÞ2 ¼
Xn

k¼1

ðvri;kÞ2 ð20Þ

5.2.3. Computing method for voltage variations of internal

nodes

Combining Eqs. (14)–(20), we can compute the standard
voltage variation for the ith internal nodes in the chain.

ðvriÞ2 ¼ ðvri;inÞ2 þ ðvri;outÞ2 ð21Þ

6. Experiments

PM1.4 GHz (CPU)-768M(Memory) laptop computer
and standard C language are used. By the following three
methods, we verify the efficiency of the new method
through comparing the runtime and standard variation of
the worst voltage vwst.

(i) 10000 Monte-Carlo (MC) simulation method. The
runtime is Tsim seconds. For P/G networks without
strong connects, the ICCG algorithm is directly used
to solve voltage of all nodes for each sample. For P/
G networks with strong connects, the deterministic
method is used to compress P/G circuits, then the
ICCG algorithm is applied to solve remaining cir-
cuits, and finally the deterministic expansion method
is used to solve voltages of all nodes in strong con-
nects. Ref. [2] describes the detailed algorithm on
solving P/G networks of strong connects.

(ii) Global solving method. To P/G networks with strong
connects, the main solving method includes four
steps: � Statistically compressing strong connects
into the remaining circuit according to the method
described in Section 3. ` Applying Eq. (7) to solve
CR matrix for the remaining circuit, which takes
the runtime TRT. ´ Applying Eqs. (8)–(11) to com-
pute nodal voltage variations and 3-sigma bound for
the remaining circuit. ˆ Statistically expand strong
connects, and then solve voltage variations and 3-

sigma bounds of internal nodes in strong connects
according to the method described in Section 5.
For P/G networks without strong connects, the glo-
bal solving method only includes above `–´ steps.
The runtime of the method is Ttotal seconds that
includes the CR matrix solving runtime TRT.

(iii) Local solving method. Only step ` of the local solv-
ing method is different from the above global solving
method. In step ` if only one block bi has been rede-
signed, we use Eq. (7) to refresh the CR vectors only
for 9 blocks surrounding bi. The runtime of the
method is Ttotal seconds that includes the CR matrix
solving runtime TRT.

6.1. Experiments on P/G networks with the mesh-topology

Assign independent normal distribution variation
N(0.01,0.002) to each node. Three methods are tested on
seven benchmark circuits of N2 = 10 and
N1 = {4,5,6,7,8,9,10}. All data are listed in Table 1. The
number of nodes in each block is (N1 + 1)2 � 4 and it
increases as N1 increases. As we can see, standard variations
of vwst increase in columns 2,4,8 while runtimes in columns
3,6,10 also increase. At the same time, the runtime of CR
matrix solving of the global solving method increases (col-
umn 7) and the runtime of CR matrix local refreshing of
the local solving method also increases (column 10).

Compared with the Monte-Carlo-based simulation
method (columns 2,3) and the global solving method (col-
umns 4–7), the global solving method takes far less runtime
(columns 3,6) to obtain enough accurate results with less
than 1.7% error (see column 5), which means that the glo-
bal resolving method is an efficient statistical method for
large-scale P/G networks. Because TRL (column 7) is the
main part of Ttotal (column 6), it takes far less runtime to
use R to compute voltage variations for P/G networks,
clearly showing that the new method is fast to statistically
analyze a P/G network under several heavy working loads.

Compared with the global solving method in columns
4–7, the local solving method takes far less runtime (col-
umn 10) to obtain the same analysis accuracy (columns
5,9). Errors in column 9 are also less than 1.7%. Thus,
the local solving method is very efficient for incrementally
and statistically analyzing large-scale P/G networks.

Table 1
N1 influence on different methods

MC method Global solving method Local solving method

N1 St. d Tsim St. d Error (%) Ttotal TRT St. d Error (%) Ttotal TRL

5 0.000583 166.7 0.000588 0.86 2.324 2.294 0.000588 0.86 0.220 0.210
6 0.000735 324.0 0.000723 1.63 6.790 6.740 0.000723 1.63 0.651 0.601
7 0.000896 582.4 0.000908 1.34 16.624 16.444 0.000908 1.34 1.552 1.462
8 0.001059 986.0 0.001064 0.47 35.120 34.940 0.001064 0.47 3.275 3.115
9 0.001257 1401.5 0.001253 0.32 67.327 67.027 0.001253 0.32 6.229 5.989

10 0.001436 1997.6 0.001422 0.97 119.843 119.381 0.001422 0.97 10.996 10.615
11 0.001603 2877.0 0.001617 0.87 202.862 202.170 0.001617 0.87 18.346 17.776
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Then three benchmark circuits of N1 = 8, N2 =
{10,15,20} are used to further compare three methods
and all data are listed in Table 2. With blocks in P/G net-
works increasing from 100 to 400, and comparing with the
MC-based simulation method, the speedup ratios with
respect to the local solving method increase from 224 to
612 while the speedup ratios of the global solving method
stand around 20, showing that the local solving method
is much faster than the global solving method because
the local solving method is an incremental method.

6.2. Experiments on P/G networks with the mesh + tree-

topology

In constructing benchmark circuits of mesh + tree-
topology, high-level coarse grids are of mesh-topology.
On 20% nodes of meshes, five-level trees of 62 leaf nodes
are constructed. As a result, leaf nodes in tree connections
are 12.4 times of the mesh nodes.

Three methods are tested on seven benchmark circuits of
N2 = 10 and N1 = {4,5,6,7,8,9,10}. All data are listed in
Table 3. Compared with the results of the MC-based sim-
ulation method (columns 2,3), the global solving method
(columns 4–7) takes far less runtime (columns 3,6) to
obtain enough accurate results with less than 1.3% error
(column 5), which means our statistical compression and
expanding theory of tree connections is efficient. Because
TRL (column 7) is the main part of Ttotal, it takes far less
runtime to use R to compute voltage variations for P/G
networks, which means that our method is very efficient
for statistically analyzing a P/G network of several heavy
working loads. Compared with the global solving method
(columns 4–7), the local solving method (columns 8–11)
takes far less runtime in column 10 to obtain the same anal-
ysis accuracy (columns 5,9) and errors (column 9) are also
less than 1.3%. Thus, the local solving method is an effi-

cient incremental method to statistically analyze large-scale
P/G networks.

Comparing data in Tables 1 and 3, although leaf nodes
in tree connections are 12.4 times of mesh nodes, runtime
in columns 3,6,10 of Table 3 is only 10% more than the
counterparts in Table 1. Thus, computation costs of tree
circuit compression and expansion are far less than those
of solving mesh circuits using ICCG. Furthermore, our sta-
tistical method for tree circuit compression and expansion
is both accurate and efficient.

Then three benchmark circuits of N1 = 8,
N2 = {10,15,20} are used to further compare three meth-
ods and all data are listed in Table 4. With blocks in P/G
networks increasing from 100 to 400, and comparing with
the MC-based simulation method, the speedup ratios with
respect to the local solving method increase from 282 to
1128 while the speedup ratios of the global solving method
stand around 26, which further confirms that the local solv-
ing method is much more efficient than the global solving
method using incremental scheme.

6.3. Experiments on P/G networks with the mesh + chain-

topology

Similar to Refs. [2,8], we construct benchmark circuits
of P/G networks of mesh + chain-topology for stand-cell
layouts. Benchmark circuits are of only one block supplied
by four C4-PADs on four corners. Thus without the local
solving method, the MC-based simulation method and the
global solving method are used to verify the correctness
and efficiency of the statistical compression and expansion
methods for chain connections.

Benchmark circuits are of 100 rows and 10 columns so
that each benchmark circuit includes 1000 cross-nodes.
And chains are placed between all horizontal neighboring
cross-nodes. Internal nodes in each chain are assigned

Table 2
N2 influence on different methods

MC method Global solving method Local solving method

N2 St. d Tsim St. d Error (%) Ttotal TRT St. d Error (%) Ttotal TRL

10 0.001257 1401.5 0.001253 0.32 67.327 67.027 0.001253 0.32 6.229 5.989
15 0.001242 3316.0 0.001253 0.89 151.789 151.107 0.001253 0.89 6.529 5.939
20 0.001242 6043.7 0.001253 0.89 267.425 266.163 0.001253 0.89 9.864 8.803

Table 3
N1 influence on different methods

MC method Global solving method Local solving method

N1 St. d Tsim St. d Error (%) Ttotal TRT St. d Error (%) Ttotal TRL

4 0.006106 231.2 0.006126 0.33 2.954 2.914 0.006126 0.33 0.120 0.100
5 0.006264 477.6 0.006243 0.34 7.361 7.301 0.006243 0.34 0.501 0.441
6 0.006343 805.2 0.006358 0.24 17.826 17.685 0.006358 0.24 1.622 1.542
7 0.006553 1282.6 0.006484 1.05 37.824 37.614 0.006484 1.05 3.485 3.344
8 0.00656 1872.8 0.006563 0.05 72.745 67.027 0.006563 0.05 6.619 6.429
9 0.006749 2642.2 0.006661 1.30 128.936 128.484 0.006661 1.30 11.927 11.647

10 0.006717 3568.6 0.006703 0.21 215.731 214.959 0.006703 0.21 19.417 19.047
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20,40,60 in three benchmark circuits, respectively. All data
are listed in Table 5. Although n (the number of internal
nodes in each chain) increases from 20 to 60 in column 1,
runtimes in columns 3,6 only increase slightly, which
means that the complexity of statistical compression and
expansion method for chain connections is close to that
of deterministic counterpart [2]. As term contributed by
internal nodes increases owing to increase of n, standard
variations of vwst in columns 2, 4 increase too. And accu-
racy of the global solving method improves from 1.39%
to 0.35% as n increases from 20 to 60, demonstrating our
statistical compression and expansion method is accurate
and efficient.

7. Conclusions

Rampant process variances in nanometer VLSI technol-
ogies pose a challenging problem for the reliable on-chip
power delivery. Power grid circuit analysis has to consider
statistical nature of voltage drops in the on-chip power/
ground (P/G) grids. This paper has proposed a new effi-
cient statistical P/G analysis method. The new method
exploits the fact that practical P/G networks include a large
number of strong connects. Then the new method can per-
form the statistical compression and expansion in a close-
form way for the complexity reduction, which serves as
pre-process of the statistical P/G analysis. Furthermore,
based on the locality of P/G networks with C4-PADs
arrays, we have proposed a localized approach for solving
the correlated resistor matrix of mesh-structure circuits,
with which we can directly compute the voltage variations
from the current variations. A large number of experiments
demonstrate that the new method is very efficient owning
to its property of incremental analysis. The new method
provides two or three orders of magnitudes speedup over
the Monte-Carlo simulation method in computing the
low-bounds of voltage variations for large-scale P/G net-
works with only 2% accuracy loss. The new method will

become even faster to analyze a P/G network under several
high-load working conditions.

The main contributions of this work are as follows: (1)
for the first time, we propose the theoretical method to sta-
tistically compress and expand strongly connected subcir-
cuits (called strong connects in this paper), which is an
important contribution to the circuit analysis theory. The
new method is efficient because it compresses an original
circuit into a much smaller equivalent circuit to compute
the CR matrix. (2) The CR matrix can be reused to directly
solve low-bounds of voltage variations in a P/G network
according to CVs of high-load working conditions, which
also demonstrates the efficiency of the new method. (3)
Because only parts of a circuit are used to compute the
CR matrix, the CR matrix can be locally refreshed when
parts of a circuit are changed in incremental designs, which
means the new method has the incremental advantage.

Acknowledgements

This work was supported by National Natural Science
Foundation of China (Grant Nos. 60476014, 40672195)
and National Technology Research and Development
Program of China (Grant Nos. 2006AA01Z223, NCET-
06-0131).

References

[1] International Technology Roadmap for Semiconductors (ITRS).
Available from: http://public.itrs.net/, 2005.

[2] Luo ZY, Cai YC, Tan XD, et al. Time-domain analysis methodology
for large-scale RLC circuits and its applications. Sci Chin (F)
2006;49(5):665–80.

[3] Luo ZY. Efficient optimization methodology in early-stage design of
mesh-structured on-chip power/ground (P/G) networks. In: Proceed-
ings of IEEE International Conference on Solid-state and Integrated
Circuit Technology. Shanghai, China, 2006. p. 1911–1913.

[4] Zhao M, Panda RV, Sapatnekar SS, et al. Hierarchical analysis of
power distribution networks. In: Proceedings of IEEE/ACM Design
Automation Conference. Los Angeles, CA, USA, 2000. p. 150–155.

[5] Qian HF, Nassif R, Sapatnekar SS. Random walks in a supply
network. In: Proceedings of IEEE/ACM Design Automation Con-
ference. Anaheim, CA, USA, 2003. p. 93–98.

[6] Zhong Y, Wong DF. Fast algorithms for IR drop analysis in large
power grid. In: Proceedings of IEEE/ACM International Conference
on Computer Aided Design. San Jose, CA, USA, 2005. p. 351–357.

[7] Su HH, Gala KH, Sapatnekar SS. Fast analysis and optimization of
power/ground networks. In: Proceedings of IEEE/ACM Interna-
tional Conference on Computer Aided Design. San Jose, CA, USA,
2000. p. 477–482.

[8] Tan XD, Shi CJ. Reliability-constrained area optimization of VLSI
power/ground networks via sequence of linear programming. In:

Table 4
N2 influence on different methods

MC method Global solving method Local solving method

N1 St. d Tsim St. d Error (%) Ttotal TRT St. d Error (%) Ttotal TRL

10 0.00656 1872.8 0.006563 0.05 72.745 67.027 0.006563 0.05 6.619 6.429
15 0.006512 4570.5 0.006517 0.08 169.203 168.442 0.006517 0.08 7.071 6.550
20 0.006579 8337.1 0.006573 0.09 292.311 290.979 0.006573 0.09 7.390 6.479

Table 5
n influence on different methods

n MC method Our solving method

St. d Tsim St. d Error (%) Ttotal TRT

20 0.000789 403.5 0.000778 1.39 49.711 48.600
40 0.001129 534.8 0.001122 0.62 55.920 53.937
60 0.00143 663.1 0.001425 0.35 60.487 57.633

Z. Luo, S.X.D. Tan / Progress in Natural Science 18 (2008) 189–196 195



Proceedings of IEEE/ACM Design Automation Conference. New
Orleans, LA, USA, 1999. p. 78–83.

[9] Su HH, Sani EA, Nassif R. Power grid reduction based on algebraic
multigrid principles. In: Proceedings of IEEE/ACM Design Auto-
mation Conference. Anaheim, CA, USA, 2003. p. 109–112.

[10] Ferzli IA, Najm FN. Statistical verification of power grids consid-
ering process-induced leakage current variations. In: Proceedings of
IEEE/ACM International Conference on Computer Aided Design.
San Jose, CA, USA, 2003. p. 770–777.

[11] Kouroussis D, Ferzli IA, Najm FN. Incremental partitioning-based
vectorless power grid verification. In: Proceedings of IEEE/ACM
International Conference on Computer Aided Design. San Jose, CA,
USA, 2005. p. 358–364.

[12] Li P. Variational analysis of large power grids by
exploring statistical sampling sharing and spatial locality. In:
Proceedings of IEEE/ACM International Conference on
Computer Aided Design. San Jose, CA, USA, 2005. p.
644–650.

[13] Chiprout E. Fast flip-chip power grid analysis via locality and
grid shells. In: Proceedings of IEEE/ACM International Confer-
ence on Computer Aided Design. San Jose, CA, USA, 2004. p.
485–488.

[14] Samaan SB. The impact of device parameter variation on the
frequency and performance of VLSI chips. In: Proceedings of IEEE/
ACM International Conference on Computer Aided Design. San
Jose, CA, USA, 2004. p. 343–346.

196 Z. Luo, S.X.D. Tan / Progress in Natural Science 18 (2008) 189–196


